Geometric Flows and Black Holes by Shu, Fu-Wen & Shen, You-Gen
ar
X
iv
:g
r-q
c/
06
10
03
0v
2 
 1
5 
A
pr
 2
00
7
Geometric Flows and Black Holes
Fu-Wen Shu1, 2, 3, ∗ and You-Gen Shen1,3, 4, †
1Shanghai Astronomical Observatory, Chinese Academy of Sciences, Shanghai 200030, P. R. China
2Graduate School of Chinese Academy of Sciences, Beijing 100039, P. R. China
3Joint Institute for Galaxy and Cosmology of SHAO and USTC, Shanghai 200030, P. R. China
4National Astronomical Observatories, Chinese Academy of Sciences, Beijing 100012, P. R. China
(Dated: October 12, 2018)
Motivated by the newest progress in geometric flows both in mathematics and physics, we apply
the geometric evolution equation to study some black-hole problems. Our results show that, under
certain conditions, the geometric evolution equations satisfy the Birkhoff theorem, and surprisingly,
in the case of spherically symmetric metric field, the Einstein equation, the Ricci flow, and the
hyperbolic geometric flow in vacuum spacetime have the same black-hole solutions, especially in the
case of Λ = 0, they all have the Schwarzschild solution. In addition, these results can be generalized
to a kind of more general geometric flow.
PACS numbers: 02.30.Jr, 02.40.Ky, 04.20.Jb, 04.70.-s, 04.70.Bw
Introduction. The geometric flows provide new ways to
address a variety of non-linear problems in Riemannian
geometry. In addition, it is shown that they also play an
important role in physics, especially Einstein equation(it
is included as the limiting case of no flow) in general
relativity, and Ricci flow [1] in the renormalization group
analysis of non-linear sigma models in string theory[2, 3]
and various models of boundary quantum field theory
of current interest[4]. Recently, Graf [5] showed that the
Einstein gravity is a limiting case of the Ricci flow gravity.
After that, Headrick and Wiseman [6] found that the
Ricci flow can be used to study black holes. As to other
things, Perelman [7, 8] applied the Ricci flow to prove
Thurston’s geometrization conjecture [9] concerning the
classification of 3-manifolds (for reviews see [10]).
Recently Kong and Liu [11] introduced a kind of new
flow, which they called the hyperbolic geometric flow. It is
a system of non-linear evolution partial differential equa-
tions of second order. In their remarkable work on hy-
perbolic flow [11], they showed that “the hyperbolic geo-
metric flow is a natural and powerful tool to study some
problems arising form differential geometry such as sin-
gularities, existence and regularity”.
Motivated by these amazing progress of the geomet-
ric flows both in mathematics and physics, we study the
gravitational properties of the geometric evolution equa-
tions. Thanks to recent introduction of the hyperbolic
geometric flow, we have a set of general evolution equa-
tions including the Einstein equations (no flow case), the
Ricci flow, and the hyperbolic flow. These equations are
[11]
αµν
∂2gµν
∂t2
+ βµν
∂gµν
∂t
+ γµνgµν + 2Rµν = 0. (1)
where αµν , βµν , γµν are certain smooth functions (may
depend on t) on n–dimensional complete Riemannian
manifold M, and gµν is Riemannian metric, Rµν is Ricci
tensor. Obviously, in the case of αµν = βµν = 0 and
γµν = constant, Eq. (1) corresponds to the Einstein
equation with regard to vacuum spacetime; the case of
αµν = 0, βµν = 1 and γµν = 0 corresponds to the Ricci
flow, which is analogous to the heat equation in physics;
and the case of αµν = 1, βµν = γµν = 0 corresponds to
the hyperbolic geometric flow, which is analogous to the
wave equation in physics, describing the wave character
of the metrics and curvatures of manifolds.
This letter is an attempt to apply the geometric evolu-
tion equation (1) to study some black-hole problems. Our
results show that, under certain conditions, the Birkhoff
theorem[15] [12] is still reserved in the frame of the ge-
ometric flow discussed here. We also show that for the
spherically symmetric metric in the 4–dimensional Rie-
mannian manifold, the Einstein equation, the Ricci flow,
and the hyperbolic geometric flow in vacuum spacetime
all have the same black-hole solutions. In addition, we
can generalize our results to a kind of more general geo-
metric flow.
Birkhoff theorem. In 1923, Birkhoff [12, 14] showed
that any spherically symmetric solution of the vacuum
Einstein field equations must be static and asymptot-
ically flat. In this section we will try to extend the
Birkhoff theorem to the case including geometric evo-
lution (1).
Theorem 1. For the geometric flow (1) in the 4–
dimensional Riemannian manifold, if αµν , βµν , and γµν
are independent of t and r, then Eq. (1) satisfies the
Birkhoff theorem.
Proof. Consider a line element with spherically sym-
metric metric
gµν = diag
(
B(r, t),−A(r, t),−r2,−r2 sin2 θ
)
,
where “ diag ” represents a diagonal matrix. Then we
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get,


Rrr =
B′′
2B −
B′2
4B2 −
A′B′
4AB −
A′
Ar −
A¨
2B +
A˙B˙
4B2 +
A˙2
4AB ,
Rθθ = −1 +
1
A −
rA′
2A2 +
rB′
2AB ,
Rϕϕ = Rθθ sin
2 θ,
Rtt = −
B′′
2A +
A′B′
4A2 −
B′
Ar +
B′2
4AB +
A¨
2A −
A˙B˙
4AB −
A˙2
4A2 ,
Rrt = −
A˙
Ar ,
(2)
where “ ′ ” and “ · ” represent derivatives with respect
to r and t, respectively. On account of the fact that gµν
is diagonal, from (1) we directly have
Rrt = A˙ = 0, (3)
From here we learn that A(r, t) is independent of t, so
we let A(r, t) ≡ a(r). Plugging (3) into formula (2), and
letting B(r, t) ≡ ρ(t)b(r), from (1) one has


α00ρ¨b+ β00ρ˙b+ γ00ρb = −2ρ
(
− b
′′
2a +
a′b′
4a2 −
b′
ar +
b′2
4ab
)
,
γ11a = −2
(
b′′
2b −
b′2
4b2 −
a′b′
4ab −
a′
ar
)
,
γ22r
2 = −2
(
−1 + 1a −
ra′
2a2 +
rb′
2ab
)
.
(4)
The first formula in (4) can be decoupled as
λ = α00
ρ¨
ρ
+ β00
ρ˙
ρ
+ γ00 (5)
= −2
(
−
b′′
2ab
+
a′b′
4a2b
−
b′
abr
+
b′2
4ab2
)
, (6)
where λ is a constant. From (5), one can easily obtain
the explicit expression of ρ(t). In the end, we can rescale
the time coordinate as
dt′2 ≡ ρ(t)dt2.
In this way, we obtain
ds2 = b(r)dt′2 + a(r)dr2 + r2dΩ2,
with a(r) and b(r) independent of t. This leads to the
Birkhoff theorem in general relativity.
In fact, from the mathematical point of view, we can
extend Eq. (1) to the following more general evolution
equations
αnµν
∂ngµν
∂tn
+ αn−1µν
∂n−1gµν
∂tn−1
+ · · ·
+α1µν
∂gµν
∂t
+ α0µνgµν + 2Rµν = 0, (7)
where αnµν are certain smooth functions (may depend on
t) on m–dimensional complete Riemannian manifold M,
and n is integer. Note that for the case of n > 2, we have
little knowledge of its physical counterpart of Eq. (7).
Similarly, one can easily obtain a more general theorem:
Theorem 2. For the geometric flow (7) in the 4–
dimensional Riemannian manifold, if αnµν are indepen-
dent of t and r, then Eq. (7) satisfies the Birkhoff theo-
rem.
One can prove Theorem 2 by using the same technique
addressed above for Theorem 1.
Exact black-hole solutions of geometric evolution equa-
tion. As we have learned in general relativity, if the mat-
ter distributes spherically inside a ball, and the outside of
the ball is vacuum, then we have an exact solution of the
Einstein field equation, which is now called Schwarzschild
solution. In this section, we will show that not only the
Einstein equation has black-hole solution, the Ricci evo-
lution equation and the hyperbolic evolution equation
also have. In order to see this in detail, we let γµν = 0 in
Eq. (1), so that it corresponds to Ricci flow as αµν = 0,
βµν = 1, and hyperbolic flow as αµν = 1, βµν = 0, respec-
tively. In this case, when taking Eq. (6) into account,
Eq. (4) becomes

− b
′′
2ab +
a′b′
4a2b −
b′
abr +
b′2
4ab2 = −
1
2λ,
b′′
2b −
b′2
4b2 −
a′b′
4ab −
a′
ar = 0,
−1 + 1a −
ra′
2a2 +
rb′
2ab = 0.
(8)
Solving it, one gets
y′r + y − 1 + Λr2 = 0, (9)
where y ≡ 1a and Λ =
λ
4 .
Integrating Eq. (9), we have
y = 1−
2m
r
−
1
3
Λr2,
where m is an integration constant (one can easily con-
firm that m = GMc2 > 0 is the mass of the Schwarzschild
black hole). Consequently, we obtain
a =
(
1−
2m
r
−
1
3
Λr2
)−1
, (10)
b′
b
= 2Λar −
a′
a
. (11)
Case 1 Λ = 0: In this case, integrating Eq.(11) directly,
one has b = εa , where ε is an integration constant which
can be set to 1. In the end, one has
ds2 =
(
1−
2m
r
)
c2dt2 −
(
1−
2m
r
)−1
dr2 + r2dΩ2.
This is just the Schwarzschild metric!
Case 2 Λ 6= 0: In this case, we rewrite 1a as
1−
2m
r
−
Λ
3
r2 = −
Λ(r − ra)(r − rb)(r − rc)
3r
,
where ra, rb and rc are three roots of
1
a = 0, which de-
pend on the value of the decoupled constant Λ. Plugging
this formula into Eq.(11), and integrating it, we have
b = ε(r − ra)
σa(r − rb)
σb (r − rc)
σc ·
1
a
,
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where ε is an integration constant which can be set to 1,
and
σi =
Λri
κi
,
where κi ≡
1
2
d(1/a)
dr |r=ri, which corresponds to the sur-
face gravity of the black hole. In the end, we obtain
ds2 = u(r)
(
1−
2m
r
−
Λ
3
r2
)
c2dt2
−
(
1−
2m
r
−
Λ
3
r2
)−1
dr2 + r2dΩ2,
where
u(r) = (r − ra)
σa(r − rb)
σb (r − rc)
σc .
(a) 1Λ ≥
9
4r
2
g , where rg = 2m is the Schwarzschild
radius: In this case, ra, rb, rc are real. Let ra < rb < rc.
After some mathematical analyses, one finds that ra < 0
and rc ≥ rb > 0. Consequently, black hole in this case
has two horizons, one of them is the event horizon.
(b) 1Λ <
9
4r
2
g : The black hole only has one horizon—
the event horizon (here we let ra be the event horizon).
rb = r
∗
c are complex in this case.
Surprisingly, as we solve the exact solutions of the more
general geometric flows (7), we find that we get the com-
pletely same solutions as done above. This implies that
any 4–dimensional spherically symmetric metric in vac-
uum spacetime will inevitably form static black holes, as
long as it keeps unchanged or changes isotropically. This
leads to a conjecture, namely, any geometric flow which
satisfies the Birkhoff theorem may have a black-hole so-
lution.
Conclusions. We have shown that for the geometric
flows (1) in the 4–dimensional Riemannian manifold, in-
cluding the Einstein equations(no flow), the Ricci flow,
and the hyperbolic geometric flow, if αµν , βµν , and γµν
are independent on t and r, then Eq. (1) satisfies the
Birkhoff theorem, namely, any spherically symmetric so-
lution of the vacuum geometric evolution equations must
be static and asymptotically flat. Moreover, we can ex-
tend the Birkhoff theorem to the more general flow (7),
under the condition that αnµν are independent of r and
t. This implies that the spherically symmetric change of
the initial spherically symmetric metric in the vacuum
spacetime does not induce pure gravitational radiation,
regardless of the way of this change.
As to the exact solution of the geometric evolu-
tion equations, our results have shown that in the 4–
dimensional case of matter distributed spherically inside
a ball, and vacuum outside of the ball, the Einstein equa-
tion, the Ricci flow, and the hyperbolic geometric flow
in vacuum spacetime have the same black-hole solution.
Particularly, in the case of Λ = 0, they all give the
Schwarzschild solution.
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